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1 Introduction

We study the market for a risky asset for which agents have interdependent private
valuations. Heterogeneous valuations may arise for various reasons. For example,
agents may differ with respect to the uses they have for the asset, their liquidity needs,
their investment opportunities, or the regulatory constraints they face. Diversity in
valuations can be thought of as an indirect way to capture idiosyncratic preference
or endowment shocks.! It can also be interpreted in purely behavioral terms — for
example, agents could “agree to disagree” about the distribution of the asset payoff,
or a subset of traders could be subject to psychological biases or misperceptions.
Each trader is uncertain about his own valuation, and has the opportunity to acquire
private information about it prior to trade. Equilibrium prices reflect some of this
information.

We use a standard competitive rational expectations setup, with Gaussian shocks
and constant absolute risk aversion, that nests the classical models of Grossman and
Stiglitz (1980) and Hellwig (1980). Essentially the only difference with respect to the
classical framework is that we allow agents’ valuations to be imperfectly correlated.
This gives us a tractable model of partial revelation without resorting to exogenous
noise trade, with a unique linear equilibrium price function for any allocation of
private information. The model highlights the role played by learning externalities in
determining the information content of prices and the welfare of market participants.

To exposit our main results, it suffices to consider a symmetric version of our
model. There are several types of agents distinguished by their valuations. Agents
of type ¢ have valuation #; and a proportion \; of these agents acquires private infor-
mation about #;. The equilibrium price takes a very simple form: it is proportional
to Y. A\if;. Since agents differ in their valuations, they also differ in the information
that they extract from prices. In particular, type ¢ agents make inferences about 6;,
inferences that are necessarily imperfect due to the dependence of the equilibrium
price on the valuations of other types.

Complementarities in information acquisition, that give agents a greater incentive
to gather information when others do so, arise naturally in this setting. To under-
stand how, suppose that there are only two types, and the proportions of informed
agents, A\; and )y, are exogenously given. Let p be the correlation coefficient between
0, and 605, |p| < 1. The equilibrium price is proportional to A\10; + Aaf5. Price infor-
mativeness for type 1 is decreasing in \g, as long as Ay < A;. This is true regardless
of the value of p, though it is easiest to see when p = 0 as in that case the valuation
of type 2 appears as “pure noise” in the price function from the perspective of type
1. This is an across-type complementarity wherein agents of a given type learn less
from the price if more agents of another type acquire information.

Now observe that, as long as p # 0 and Ay > 0, the price conveys some information
to type 1 agents about their valuation 8, even if none of them acquires information

!These shocks may depend, for example, on group affiliations or on the geographic location of
traders. See Rostek and Weretka (2012) for further discussion and interpretation.



about it (A; = 0). If p < 0, price informativeness for type 1 is in fact decreasing in
A1, for Ay < |p|A2. In this interval, as more agents of type 1 acquire information,
the price becomes an increasingly mixed signal about 6;; for example, a high price
can result from a high 6, (“good news” for type 1) or from a high 0y (“bad news”
for type 1). Thus, if p < 0, a within-type complementarity can arise, wherein price
informativeness for a given type is lower when more agents of that type acquire
information.

We endogenize the information acquisition decisions of agents for an arbitrary
number of types. Agents of type ¢ can choose to pay a cost ¢; to acquire a private
signal about their valuation ¢;. We characterize the equilibrium allocation of private
information, i.e. the equilibrium value of \; for each type ¢. Naturally, the )\;’s depend
on the ¢;’s as well as on the correlation of valuations across types. Given the learning
externalities discussed above, we do not expect information gathering to be efficient,
however.

The welfare analysis is complicated by the fact that price informativeness is a
multidimensional object in an economy with heterogenous valuations and, moreover,
there is no unambiguous link between price informativeness for a given type and the
welfare of that type. Agents can make better portfolio decisions if prices are more
informative about their valuation. But more informative prices are also closer to their
true valuation, reducing profitable trading opportunities. We find that increasing
the cost of information acquisition for agents of the highest cost type leads to a
reduction in the proportion of these agents who acquire information, lowering price
informativeness for them and improving their welfare. Price informativeness for other
types is higher, on the other hand, while the effect on their welfare depends on how
precise their private information is. When their private signals are noisy, so that they
have more to gain from learning from prices, they are better off. This is the case in
which discouraging information acquisition by the highest cost type makes all types
better off. Notice that it is precisely when prices have an important role to play
in aggregating and transmitting private information that curtailing the collection of
private information (by a subset of agents) is Pareto improving. A more general
takeaway is that private information collection can impact different groups of agents
differently, both in terms of the information conveyed by prices and welfare.

Across-type complementarities, wherein information gathering by one type inter-
feres with learning from prices by other types, are an important ingredient of our
welfare result. Within-type complementarities play no role here, but are crucial when
we consider equilibrium multiplicity. It can turn out that there is an equilibrium in
which no agent of type i (for some i) acquires information and another equilibrium in
which all of these agents do. In fact, in the equilibrium in which no type 7 agent is in-
formed, prices are more informative for all types, including type i. Both across-type
and within-type complementarities are at play here.



Related Literature:

Vives (2014) studies a competitive rational expectations equilibrium model with
private valuations. As in our paper, there is no equilibrium with a high correlation
of types, and when an equilibrium does exist the price function is partially revealing.
However, price informativeness does not depend on the mass of informed agents
(as long as this mass is positive) — the price reveals the average type of all agents
regardless of how many are informed. This in turn implies that the information
acquisition decisions of agents are independent.

Our stochastic environment shares some features with that of Rostek and Weretka
(2012, 2015), insofar as they allow heterogeneity in the correlations between the pri-
vate valuations of traders. They impose an “equicommonality” assumption, namely
that the average correlation between the valuation of a trader and those of the re-
maining traders is the same for all traders. We do not impose any restriction on the
correlation structure for our results on the characterization of equilibrium and price
informativeness with exogenous private information (though we do impose symmetry
in our analysis of information acquisition). The aims of the Rostek-Weretka papers
are different from ours — they study the effect of an exogenous increase in the number
of traders on price informativeness (which, in contrast to our setting, is the same for
all traders) and on market power.

Our framework generalizes the models of Grossman and Stiglitz (1980) and Hell-
wig (1980), as well as several later extensions of these models. We go beyond this
literature in looking at information acquisition by different groups of traders, and
analyzing the learning externalities that arise both within and across groups.

While the social value of a public signal in a symmetric information economy
has been the subject of a voluminous literature going back to Hirshleifer (1971) (see
Gottardi and Rahi (2014) and the references cited therein), not much research has
been done on the welfare properties of private information production when prices
reflect some of this information. In particular, the literature gives little guidance
on the circumstances in which policies that affect private information collection can
improve market outcomes in a rational expectations economy. In Vives (2014), in-
formation acquisition is socially efficient provided the marginal cost of information
is sufficiently low. This efficiency result is not surprising given that there are no
learning externalities in this model. Allen (1984) shows that imposing a tax on in-
formation gathering in a variant of the Grossman-Stiglitz model can make all agents
better off. But the welfare analysis is compromised by the presence of noise traders.?
In fact, most of the rational expectations literature relies on exogenous noise trade
and hence does not provide a suitable framework for welfare analysis. Usually a
proxy for welfare is employed, such as price informativeness, price volatility or some
measure of liquidity. There are a few papers that feature fully optimizing traders
but, with the exception of Vives (2014) cited above, they do not address the question
of the optimality of the equilibrium allocation of private information.

ZWhile the liquidity traders in Allen (1984) do have a utility function, it is contrived to generate
exogenous noise trade exactly as in Grossman and Stiglitz (1980).
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There is a large literature on complementarities in information gathering. The
closest to the present paper are competitive models in which these complementari-
ties arise because prices become less informative as more agents acquire information.?
Stein (1987) provides an early example of the entry of informed speculators reducing
price informativeness for existing traders, in a setting where agents seek to forecast
shocks to the supply of the underlying in a futures market. In an environment closer
to that of Grossman and Stiglitz (1980), but with different assumptions on prefer-
ences and distributions, Barlevy and Veronesi (2008) find that a complementarity
can arise because the asset payoff and noise trader demand are negatively correlated.
Their mechanism has a similar flavor to our within-type complementarity which is
due to a negative correlation between the valuations of traders from different groups.
Price informativeness can be decreasing in the incidence of informed trading in Gan-
guli and Yang (2009) and Manzano and Vives (2011) because agents have access to
two sources of information (about the asset payoff and the asset supply), in Goldstein
et al. (2014) because agents with different trading opportunities in segmented mar-
kets may trade on the same information in opposite directions, and in Breon-Drish
(2012) due to non-normality of shocks. Relative to this literature, our model admits
a more pronounced multiplicity of equilibria, including equilibria in which agents
who collect information have a higher cost of information acquisition than those who
do not, in an otherwise symmetric economy.

The paper is organized as follows. We describe the economy in Section 2. In
Sections 3-5 we take the information acquisition decisions of agents as given. We
characterize the unique linear equilibrium price function in Section 3. Then, in Sec-
tion 4, we provide several examples in which this characterization can be employed.
In Section 5 we analyze the information content of the price for each type. We
endogenize information acquisition in Section 6, and discuss learning externalities
within and across types. Section 7 is devoted to welfare and Section 8 to equilibrium
multiplicity. Section 9 concludes. Most of the proofs are in the appendices.

30ther mechanisms have also been explored in the literature. Complementarities in information
acquisition arise in Goldstein and Yang (2015) because agents collect different pieces of information
about the asset value (as more agents of one group acquire information, the uncertainty about the
asset payoff is reduced for the other group, increasing the return from gathering information for
them), in Mele and Sangiorgi (2015) because of Knightian uncertainty (as prices become more infor-
mative, uninformed agents have a greater incentive to acquire information to resolve the ambiguity
and thus “decode” the information contained in prices), in Garcia and Strobl (2011) due to relative
wealth concerns (as the proportion of informed agents rises, so does the average wealth of all agents,
giving the uninformed an additional incentive to gather information), and in Veldkamp (2006a,b)
because of increasing returns to scale in the supply of information (information gets cheaper as
more agents acquire information).



2 The Economy

There is a single risky asset in zero net supply, and a riskfree asset with the interest
rate normalized to zero. There are N types of agents, N > 2, and a continuum
of agents of each type. Formally, we index agents of any given type by the unit
interval, endowed with Lebesgue measure. The private valuation for the risky asset
of an agent of type ¢ is given by v; = 6, +n;. Prior to trade, type ¢ agents can acquire
a private signal about 6; by incurring a cost ¢;; for agent n of type i (agent in for
short) this signal takes the form s;, = 6; + €;,. In other words, type i agents are
distinguished by their valuation v;, and 6; is the part of v; about which they can
gather information at some cost; their signals can have some idiosyncratic variation,
however.

The random variables {60;, 7;, {€in }nep,1] }i=1,..,n are joint normal with mean zero.
Let 0 := (0;)Y, and i := (1;),. For each type 7, the valuation shock #; is indepen-
dent of 8 (but may be correlated with 7;, j # ¢), the signal shock €;, is independent
of (8,7m), and the signal shocks across agents, {€;,}ncp,], are i.i.d. We adopt the
convention that the average of a continuum of i.i.d. random variables with mean
zero is zero. Then, the average signal of agents of type 1, fn sindn, is equal to 6;.%
To ensure that the problem is nontrivial, we assume that the covariance matrix of 6
is positive definite.’

If agent in buys ¢;, units of the risky asset at price p, his “wealth” is W, =
(v; — p)@in- Given his information set Z;,, which consists of all the random variables
that he observes prior to trade, he solves max,, E[—exp(—r;W;,)|Z:n]. Agents have
rational expectations — they know the price function, a function of the private signals
of all agents in the economy, also denoted by p, and condition on the price when
making their portfolio decisions. Thus Z;, = {si,,p} if agent in is informed, and
Zin = {p} if he is uninformed.

We denote the proportion of agents of type ¢ who choose to become informed by
i € [0,1]. An equilibrium consists of a vector XA := (\;)¥,, and a price function
p, such that agents optimize and markets clear. Agent optimization requires that
each agent is happy with his information acquisition decision (to acquire private
information or not) given the price function p, and subsequently, for any realization
of p, he chooses an optimal portfolio given his information. Letting ¢; := fn Qindn,
the aggregate trade of type ¢, the market-clearing condition is ) . ¢; = 0.

For random variables z and y, we denote the covariance of x and y by o0, the

variance of z by 02, and the conditional variance of x given y by 0325\ »

4See the technical appendix of Vives (2008) for a discussion of the use of the strong law of large
numbers in this context. For ease of exposition, we drop the qualifier “almost surely”.

5Note that agent valuations cannot in general be written as the sum of a common value com-
ponent and an idiosyncratic private value component. Indeed, if v; = v + u;, where Cov(v,u;) =0
and Cov(u;,u;) = 0 for all ¢, j, then Cov(v;,v;) = Var(v), which is positive and the same for all 4, j.



3 The Equilibrium Price Function

In this section we solve for a rational expectations equilibrium price function for
given XA. We conjecture a linear price function of the form

N
b= Zai9i> (1)
i=1

for some coefficients (ay,...,ay), not all zero. Thus the private signals of type i
agents are reflected in the price only through their average signal, which is equal
to 6;. Given the linear-normal structure of the model, agents have a mean-variance
objective function. The optimal portfolio of agent in is:

_ E(i|Ti) —p

a r;Var(v;|Zy,) (2)

To calculate agents’ portfolios, we use the standard projection theorem for nor-
mals.% Let 3 := 0g,,/07. Then

We proceed under the provisional assumption that p does not (fully) reveal 6; for
any i, i.e. a§i|p > 0. We will show later, in the proof of Proposition 3.2, that this
assumption is in fact satisfied at any equilibrium. We use the superscripts I and U
to distinguish between the portfolios of informed and uninformed agents.

Lemma 3.1 (Optimal portfolios) Suppose o7, and o} are not both zero, and

a§i|p > 0. Then the optimal portfolios of type i agents are given by

I l ) Jgi\PSm B [O—gi\p + (1 - B’)J?Jp
Qin T <03i\p + 0-627;)0-%1' + O-gi‘po-gi ’

1 1 -5

qU =
mn T ] 2 9 I
Ti U9i|p + Tii

From Lemma 3.1, the aggregate trade of type ¢ agents is

N oapbi— [0, +(1=B)o%]p 1-x  1-B
q = —- . P,
T (Ugi\p + gé)g%i + Ugi\pUQ Ti O-gi Ip + g%i

€

(4)

SConsider random vectors x; and Xz, (x1,X2) ~ N(u, X), and partition g and ¥ as follows:

1231 Y X
= > .=
# (“2)7 (221 222)’

where p; := E(x;) and %;; := Cov(x;,X;), 4, = 1,2. If 39y is nonsingular, we have

(x1]x2) ~ N (py + B12855 (x2 — pra), V11 — T12855 Ba1).



which is linear in #; and p. We can now solve for the price function using the market-
clearing condition, ), q; = 0. Before proceeding with this task, we impose some
further assumptions which will stay in force for the remainder of the paper:

Al. X\; >0 and A\, > 0 for at least two types k and /.

A2. The equilibrium trade of agent ¢n is measurable with respect to his information
Lin.

A3. For any type i, one of the following information structures applies:

(a) Asymmetric information: o7, = 0 and o7 > 0; or

€

(b) Differential information: Z, > 0 and o7 = 0.

Assumption Al is only provisional — we endogenize A in Section 6 where we show
that, in any equilibrium, \; is indeed positive for at least two types (see Lemma 6.3).
Assumption A2 rules out some trivial equilibria. Assumption A3 is for tractability,
and gives us two canonical information structures that have been employed in the
literature. Under information structure (a), type ¢ is asymmetrically informed in
the sense that the informed agents of type ¢ know 6; while the uninformed of that
type do not. Under information structure (b), type ¢ is differentially informed in
the sense that the informed agents of type ¢ have conditionally i.i.d. signals about
0;; moreover, the restriction agi = 0 implies that v; = 6;, so that their pooled
information reveals their type.” Note that Assumption A3 allows some types to be

asymmetrically informed and others to be differentially informed.

Proposition 3.2 (Equilibrium price function) There is a unique linear equilib-
rium price function given by

p=kY b,  k#0, (5)

where

i
Ni(r02)7Yif type i is differentially informed.

€

{ N\i(rio2 )71 if type i is asymmetrically informed,
Vi =

The price function does not (fully) reveal 6; for any i.

From Lemma 3.1, we see that the coefficient on the private signal in the optimal
trade of an informed agent of type 7 is (r;02)~! in the asymmetric information case,

i
and (r;02 )" in the differential information case. We can think of this as the “trading

"While the terms “asymmetric” and “differential” are a useful way to distinguish between one-
sided and multifaceted private information, we should point out that our usage is somewhat loose —
we say that type i is asymmetrically informed even if A\; = 1 so that all type i agents know 6;, and
we refer to a type as differentially informed even though, strictly speaking, this label only applies
to the informed agents of that type.



intensity” of an informed agent. Thus the coefficient of 6; in the price function is
proportional to the trading intensity of the informed agents of type i, times their
mass A;. The proposition does not require any condition on the correlations between
the 6;’s (other than positive definiteness of the covariance matrix). These correlations
do affect the value of the constant k in the price function.

It is instructive to compare the revelation properties of our price function with
that of Vives (2014). Vives assumes that there is a continuum of types, with the
result that the price reveals the average type, which for any trader is a sufficient
statistic for the information of all other traders. Thus every trader effectively has
access to the pooled information of all traders in the economy (Vives calls this a
“privately revealing” equilibrium). In our model, on the other hand, there are finitely
many types, with a continuum of each type. While the price does not reflect any
idiosyncratic variation within types, it is affected by idiosyncratic variation across
types. An agent of type i, who seeks to learn 6#;, knows 6; in equilibrium only if his
private signal already tells him what 6; is. If he does not observe 6; directly, how
much he learns from the price depends on the mass of informed agents of every type.
Price informativeness in Vives’ model is the same regardless of the mass of informed
agents (as long as this mass is positive).

4 Examples

In this section we provide a number of examples of our general framework. They
include the economy in Grossman and Stiglitz (1980) with noisy aggregate supply,
and the competitive limit of the economy in Hellwig (1980) with noise traders. In
both cases, the noise is easily endogenized as optimizing trade arising from liquidity
or hedging considerations. It can also be interpreted in purely behavioral terms. In
these examples, agents have CARA utility and all random variables are joint normally
distributed with mean zero. In Examples 4.1-4.3, optimal portfolios are given by
Lemma 3.1 and the equilibrium price function by Proposition 3.2. In Example 4.4,
Lemma 3.1 does not hold but an agent’s portfolio is linear in the price and his private
signal (if he is informed), so that the equilibrium price is still a linear combination
of the 6,’s as in Proposition 3.2.

Example 4.1 (Grossman-Stiglitz) The asset payoff is v = 6 + 7. There is a

unit mass of investors, of whom a proportion A € (0,1) privately observes 6. In

addition, there is a unit mass of “noise traders” whose private valuation is u + 7,

of which they privately observe the component u. The random variables 6,7, and u

are mutually independent. This fits into our model with two types, both of which

are asymmetrically informed: A\ = A\ Ao = 1,0, = 0,05, = u, 1 = 7, = n, and
2

o? =02, = 0. The optimal portfolios are

qI :9_]) U:E(U|p)—p qI _u—p
Ln 7102 ’ In r1Var(v|p)’ 2n 79072 ’



The price function is

p:k{ )\29+ 12u],

7"10'7] 7“20'7]

which takes the same form as in Grossman and Stiglitz (1980), with u playing the
role of the random aggregate supply or noise trade.

Notice that our noise traders do not trade an exogenous amount, as they are
typically assumed to do in the noisy rational expectations literature. They can be
thought of as “sentiment traders”, with u being the sentiment shock, as in Mendel
and Shleifer (2012) (whose model is a variant of the above example), or as investors
who trade on noise as though it were information, as in Banerjee and Green (2015)

and Peress (2014). |

Example 4.2 (Grossman-Stiglitz with optimizing liquidity traders) Rather
than mimic the standard assumption of independent noise trade, suppose we replace
the type 2 traders in Example 4.1 with optimizing “liquidity traders”. These traders
perceive the asset value to be v = 6 + 7, just like the type 1 traders, but also have
an endowment, which is the product of two normal random variables, y and e.® The
random variable y is independent of e and 7, and is not perfectly correlated with 6;
it can be interpreted as the size of the liquidity shock. The covariance oy, is nonzero.
Each liquidity trader privately observes 6 and y prior to trade. His optimal portfolio
is given by

0 — r20-ney - P (6)

2
7"20'77

I _
q2n_

This fits into our model as in Example 4.1, except that here 0y = 6 — ry0,.y.” The
price function is

A 1
0+

7’10'72] 90,

b= k 9 (0 _ TZUney)

n

k _ _
== [()\rl L h)e — aney} .
g
If y is independent of 6, the price function is of the same form as in Grossman and
Stiglitz (1980). I

Example 4.3 (Hellwig) The asset payoff is . There is a unit mass of differentially
informed agents who receive conditionally i.i.d. signals about #. In addition, there
is a unit mass of “noise traders” who are differentially informed about their private
valuation u, which is independent of §. There are no uninformed agents. This is

8 A number of papers in the CARA-normal REE literature have used such a specification of the
endowment to generate a hedging motive for trade. See, for example, Rahi (1996).

9The models of Ganguli and Yang (2009) and Manzano and Vives (2011) cannot be reduced to
such a specification since in their setting the coefficient of the hedging term is not exogenous (it
depends on the price function).

10



a special case of our general setup with two types, both of which are differentially
informed: Ay = Ay = 1,6; = 0,6, = u, and 07 = o, = 0. The optimal portfolios
are:

I _ E(0|Slnap) - D I _ E(u‘s2mp> - P

" Var(6]sin, p)’ 7 rVar(ulsa,, p)

1 1
p:k‘{ 0+ ]

u
ri0? 902,

The price function is

This is essentially the limiting equilibrium in Hellwig (1980), as the number of in-
formed traders goes to infinity, with u playing the role of the exogenous noise trade
as in Example 4.1.

Just as we replaced the noise traders in Example 4.1 with optimizing liquidity
traders in Example 4.2, we can do that here as well. The optimal portfolio of type 2
agents is then given by (6). We assume that €y, is independent of y. This fits into our
general model as follows: A\; = Ay = 1, = 0,12 = 1,02 = 02,02, = 0,01 =0, =0,
and vy = 0y 4+ 1), and 0y = 0 — ry0,,y."Y The price function is

0 0 — .
p=k { SRR AL y}
ro¢ 7“20'77

1 1 Ope
:k[( 5+ 2)9— ’72]
ro¢ T‘QO’n U’q

Notice that, unlike the noise traders in the first part of this example, who are differ-
entially informed, all the liquidity traders have the same information. |

Thus our model provides a parsimonious framework that nests the classical mod-
els of Grossman and Stiglitz (1980) and Hellwig (1980), as well as some extensions of
these models that have been studied in the literature. The above examples also sug-
gest more general settings that have not been considered in the literature and where
our analysis is applicable. Example 4.1 can easily be extended to multiple categories
of “sentiment traders” who may or may not have private information about their
own sentiment factor u;. Multiple types of fully rational traders whose valuations
are heterogeneous because of differing liquidity or hedging needs can likewise be
considered along the lines of Example 4.2. A difficulty arises when we allow agents
with a hedging motive to choose whether or not to acquire information: hedgers, as
modeled in Example 4.2, do not have a mean-variance objective function if they are
uninformed. Our analysis still applies, however, as we see in the following example:

Example 4.4 (Multiple hedgers) This example is fully worked out in Appendix
B; we provide the salient details here.

10For example, we can think of the asset payoff being 6 4+ 1, with type 1 agents having the ability
to hedge the risk 7.

11



The asset payoff is v. There are N types of traders with stochastic hedging needs.
The wealth of agent n of type ¢ is given by

Win = (v — D)qin + i€,

where y;e; is the initial endowment. We assume that (y;)¥, is independent of (e;)¥,
and also of v, 0., # 0 for all i, and the covariance matrix of (y;)¥; is positive
definite. If agent in chooses to acquire information, he observes y;. The proportion
of informed agents of type ¢ is ;.

Lemma 3.1 does not hold in this example, so we calculate portfolios from scratch.
We conjecture that p is a linear combination of the y;’s. If agent in is informed, his
optimal portfolio is analogous to (6):

_T'L'O'veiyi — D

1
qA =
in rio?

Note that E(v|y;,p) = E(v) = 0. Defining the “valuation” of type i agents as
0; = 0u,Y;, We can write ¢/ as a linear combination of 6; and p. If agent in is
uninformed, his wealth is not normally distributed conditional on his information at
the time of trade; in particular his endowment y;e; is not normal. Hence he does not
have a mean-variance objective function. In Appendix B we show that ¢ is a scalar
multiple of p (see equation (53)). Thus optimal portfolios take the same linear form
as in Lemma 3.1, but with different coefficients. Using the market-clearing condition
SNk, + (1= X)gY] = 0, we can calculate the price function. It is linear in agent
valuations just as in Proposition 3.2, and can be written as

P = kZ/\ieu

for some nonzero scalar k. I

5 Price Informativeness

In this section we study the informativeness of the equilibrium price function for given
proportions of informed agents A (we endogenize A in the next section). Letting
~v = (%)X, we can write the price function (5) as p = ky'6.1 'We denote the
covariance matrix of @ by V, assumed to be positive definite, and the ¢’th column of
V by V. Due to the symmetry of V, the i’th row of V is V,/. Then we have

012, = k*y VA, and Oo,p = EV/ .

For the uninformed agents of type ¢, we use the following measure of price infor-

mativeness: ) )
o5 — O
U 0ilp
V= (7)

2

IT ATl vectors are taken to be column vectors unless transposed.
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Clearly, V; € [0,1). Substituting from (3), we get

. 0, 1 (V]9)? g
ey R ST (8)
O'eio'p 0-91‘ Y Y

If afi > 0, the informed agents of type ¢ also learn from the price. For these agents,
the corresponding measure of price informativeness is:
r Var(0ilsin) — Var(0i|sin, p)

Vi= Var(6;|sin)

Lemma 5.1 Suppose o2 > 0. Then V! € [0,1) and is a strictly increasing function

Of Vz .

In view of this result, we will use V; as our measure of price informativeness for
agents of type ¢, whether or not they observe a noisy private signal in addition to the
price. If type 7 is differentially informed, all type ¢ agents make inferences from the
price. If type ¢ is asymmetrically informed, on the other hand, only the uninformed
agents learn from the price; the informed already know 6;.

We say that the economy is symmetric if the risk aversion coefficients r; and
the shock variances, 03,07 and o7, are the same for all 4 (in which case, we drop
the subscript ¢ on these parameters), and all types are either asymmetrically in-
formed or differentially informed. For a symmetric economy, - is proportional to
A by Proposition 3.2. Moreover, the restriction that ogi = o7 for all ¢ allows us to
characterize V; in terms of the correlation matrix R := (¢7)~'V, with ij’th element
pi; = corr(6;,0;). Let R; be the i’th column of R. We write z « y to indicate that
x and y have the same sign.

Proposition 5.2 (Price informativeness) For a symmelric economy, price in-
formativeness for type i is given by

Ty)2
y; = BiA° (9)
ATRA
Furthermore,
oV
a];- x R/ (10)

Notice that V; is homogeneous of degree zero in A: price informativeness depends
only on the relative proportions of informed agents across types. For type i, we
say that there is a within-type complementarity if 0V;/0N; < 0, and an across-type
complementarity if 0V;/0\; < 0 for some j # i. We see from (10) that a necessary
condition for within-type complementarity for type ¢ is that p;; < 0 for some j.
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6 Endogenous Information Acquisition

So far we have taken the allocation of private information to be exogenous. We now
endogenize information acquisition. In order to become informed, a type 7 agent must
pay a positive cost ¢;. He takes as given the vector A and the corresponding price
function p = kvy"0. We wish to find X such that, for any type, both the informed
and uninformed find their decision with regard to information acquisition optimal.

It is convenient to use the following monotonic transformation of ex ante expected
utility:

U = (Elexp(—riWin)]) 7, (11)
where VAVm = W, — ¢; if agent in acquires information, and Wm = W;, if he does

not. Using superscripts I and U for informed and uninformed agents respectively,
we have

Lemma 6.1 (Utilities) For given A,

2 2\ .2 2
(o5, +02)os o
0; € Vi —p o
ilp - and L{Z-Lnf = AP

1 —2r;c;
Uu, =e .
in 2 2\ 2 2 27
(0, T 02)0n + 04,02

€

2 2"
0-91'\17 + Um

Since the utility of an agent depends only on his type, and on whether he is informed
or uninformed, we shall henceforth drop the subscript n. Thus U} will denote the
utility of all informed agents of type i, and U the utility of all uninformed agents
of this type. An equilibrium A is characterized by

u[ Z 1 for )\l =1
Z/{Z is = 1 for X\ €(0,1) (12)
i < 1 for X\ =0.

Notice that, if \; € (0,1), the ex ante expected utility of an informed agent of
type i (after paying the cost ¢;) must be equal to the ex ante expected utility of an
uninformed agent of that type. We now compute the utility ratio:

Lemma 6.2 (Utilities of informed vs uninformed) For given A,

Ui
u;] — 6727‘1'87; |:1 +

7

2
0'91_

= (1-— Vz)} , (13)
i
if type 1 is asymmetrically informed. If type i is differentially informed, we get the

same expression with o, replaced by o, .

For both information structures, the utility ratio is decreasing in V;. As one would

expect, the incentive to become informed is lower if prices are more informative.
From Proposition 3.2 and Lemma 6.2, it is apparent that the two cases of type

1 being asymmetrically or differentially informed are formally identical as far as
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equilibrium is concerned. We will present our equilibrium results for asymmetric in-
formation. If type i is differentially informed, the corresponding results are obtained
simply by replacing o7, by o?..

We assume that agents have an incentive to acquire information if they cannot
learn anything from the price. Letting

1 r
¢ = —1log |1+ i ,
27}' O'%Z,

this assumption is equivalent to the following condition (from (13)):
A4. For each type i, ¢; < ¢;.

This will be a standing assumption (along with assumptions A1-A3 imposed in
Section 3) for the rest of the paper. It says that the cost ¢; is low relative to the
signal-to-noise ratio o7 /o7 . This leads us to the following result, which ensures that
equilibrium does not (fully) reveal 6; for any type i (see Proposition 3.2):

Lemma 6.3 (Partial revelation) An equilibrium vector X has at least two ele-
ments that are strictly positive.

Proof If \; = 0 for all 7, the price does not reveal any information to any type. By
Assumption A4, all types have an incentive to acquire information, a contradiction. If
Aj >0, and \; = 0 for all 7 # j, the price fully reveals 6, so that there is no incentive
for type j agents to engage in costly information acquisition in the first place. O

We now specialize the discussion to symmetric economies, i.e. those for which r;,
05, 0;, and o are the same for all 7. Then the upper bound on the information
acquisition cost ¢; is also the same for all i, and as with the other parameters we

drop the subscript 7. Let

|5

a;=1— (¥ — 1) (14)

5
Oy

This expression is obtained by setting the utility ratio in (13) to one and solving for
V;. Then, from (9) and (12), we have:

Lemma 6.4 (Price informativeness vs cost) For a symmetric economy, an equi-
librium X is characterized by

< q«; for \=
R \)2 - '
. = (TZ—) is = «; for X\ €(0,1)
A RA > a; for N\ =0.

The parameter q; lies in the interval (0,1), due to Assumption A4, and is a strictly
decreasing function of the cost ¢;. Whether agents of type i acquire information or not
depends on the magnitude of ¢;, or equivalently of «;, relative to the informativeness
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of the price V;. The indifference condition is V; = a;. Without loss of generality,
we order the types so that the ¢;’s are in ascending order (¢; < ¢y < ... < cy), or
equivalently the «;’s are in descending order (a; > ag > ... > ay). It will often be
easier to think in terms of the «;’s rather than the ¢;’s.

We say that an equilibrium X is stable if 9V;/0\; > 0 for all i satisfying V; = «.
If this condition is violated, i.e. if V; = «a; and 9V;/0)\; < 0 for some j, a small
increase in \; will lead to prices being less informative about ¢;, making the increase
in A; self-fulfilling; if A\; = 1, we can apply the same logic for a small decrease in
Aj. No condition is needed if V; # «; since this inequality continues to hold for a
small change in \;. We will only be concerned with stable equilibria in this paper.
We shall therefore drop the adjective “stable” in what follows, without any risk of
confusion — henceforth, whenever we refer to an equilibrium, it is implied that it is
stable.

For the remainder of the paper, we shall restrict ourselves to symmetric economies
satisfying the additional assumption that p;; = p, ¢ # j. This simplifies the analysis
and provides us with the clearest intuitions. We then need to impose a lower bound
on p due to

Lemma 6.5 (Lower bound on p) Suppose p;; = p, for all i # j. Then the corre-
lation matriz R 1s positive definite if and only if

1
P> Pmin = —

N-—-1
We denote by £ the set of symmetric economies with p;; = p > pumin, @ # 7.
Our first equilibrium characterization result says that types with a positive mass
of informed agents can be ranked by price informativeness: for a lower cost type, the
proportion of informed agents is higher, and price informativeness is higher as well.

Proposition 6.6 (Ranking by price informativeness) Consider an economy in
E. Suppose \; and A\; are nonzero and not both equal to 1. Then the following
statements are equivalent: (a) ¢; < cj, (b) N\i > Aj, and (¢) V; > V;. The following
statements are also equivalent: (a) ¢; = c¢j, (b) N\i =X, and (¢) V; = V).

Notably missing from the proposition is a ranking of types for which no agent ac-
quires information relative to types for which some agents do. Later, in Proposition
8.2, we show that it is possible to have A\; = 0 and A\; = 1 even though ¢; < ¢;.
This counterintuitive situation arises because of complementarities in information
gathering.

The incentive to acquire information depends on the value of the common corre-
lation coefficient p. Our next result characterizes the values of p for which either all
agents acquire information or none do. More precisely, in the latter case, all agents
have an incentive to free ride on the information gathering of others, and hence there
is no equilibrium.
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Proposition 6.7 (Information acquisition: polar cases) Consider an economy
in €. There is no equilibrium if p > \/oo.'2 There is an equilibrium with \; = 1 for
all v if

OéNN -1

<
P=>"N_1

If p > \/aa, then in fact p > /oy for all > 2 (since ay > ... > an). Due to the
high correlation of types, agents of type ¢, 7« > 2, have an incentive to free ride on the
information revealed by the price. But we know from Lemma 6.3 that in equilibrium
there must be at least two types with a positive mass of informed agents. Hence there
is no equilibrium. Notice that the cutoff value \/as, beyond which the correlation
of types induces too much free riding, is decreasing in the cost of information c
and the noise-to-signal ratio 0727 /oa. Evidently, agents are more prone to free ride
on others’ information if the relative gain from acquiring their own information is
small. The second part of Proposition 6.7 says that if p is sufficiently small, price
informativeness is low enough to sustain an equilibrium in which all agents of all
types acquire information.

The nonexistence result for p > /ay shows how the Grossman-Stiglitz paradox
can arise in an economy with correlated types, in both the asymmetric information
and the differential information cases (the Grossman and Stiglitz (1980) setting with
no noise in the aggregate supply can be seen as a limiting case of our model with
asymmetrically informed types as p — 1).

A general characterization of parameters for which an equilibrium exists, beyond
the polar cases discussed in Proposition 6.7, is an interesting open question that we
leave for future work. Instead, we focus on a class of equilibria for which we can
not only provide readily interpretable conditions for existence, but which also lend
themselves to a tractable analysis of welfare and multiplicity. An equilibrium in
this class has the property that V; < «;, for i # N, regardless of the value of A\y. It
allows us to study the impact of information acquisition by agents of the highest cost
type, type N, on price informativeness and welfare of all types without having to
worry about the effect of a change in Ay on \;,7 # N, since the latter values remain
fixed at one by Lemma 6.4. Such an equilibrium is parametrized by Ay; accordingly
we refer to it as a Ay-equilibrium. Before providing conditions for existence of a
An-equilibrium, we exogenously set \; = 1 for i # N, and investigate the learning
spillovers that arise when we perturb Ay. Let V;(Ay) denote the dependence of V;
on Ay, fixing \; = 1 for i # N, and let \* := —p(NN — 1); note that A* € (0, 1) if and
only if p € (Pmin, 0).

Lemma 6.8 Consider an economy in €. Suppose \; = 1 for all i # N. Then we
have:

1. 8V1/8)\N < 0, fO’f’i 7é N;
i, OVN/OAN o Ay — A If p < 0, Vy(A*) = 0.

121t can be shown that this bound is tight, in the sense that if p € (pmin, \/@2), there are parameter
values such that an equilibrium exists.
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Thus there is an across-type complementarity: information acquisition by type
N agents reduces price informativeness for all other types. A higher weight on 6y in
the price function has the effect of increasing the “noise” in the price signal for agents
of types other than N. Of course, this complementarity translates into a learning
externality only in the differential information case; in the asymmetric information
case, at a Ay-equilibrium, agents of type i,7 # N, do not need to extract any
information from the price as they already know 6,.

Within-type learning externalities depend on the sign of p. Figure 1 depicts
the 3-type case. If p > 0 (and hence \* < 0), information acquisition by type N
makes prices more informative for type N itself. However, if p is negative, Vy is
not monotonic in A\y. It is decreasing until it reaches its minimum value of zero
at Ay = \*, after which it is increasing. The within-type complementarity for low
values of Ay arises because an increase in Ay confounds the price signal for type N:
a higher p could be the result of a higher 0y (“good news” for type N) or because
of a higher 6;,i # N (“bad news” for type N, since p < 0).

Vs
0.25
v _
: p=03 p=-02
0.5} 0.20
p=0.2
0.4}
{ 0.15
I p=-03
0.3
| a,=0.3
: @ 0.10£°
0.2}
I r B A
0.1} 0.05 \S/ d,=0.05
% T 072 T 074 T 07(‘ T 078 T 170 )\3 A
- - 6 - : 0.2 0.4 0.6 0.8 1.0 "3
(a) p> 0. (b) p<O0.

Figure 1: Price informativeness V3 as a function of Az, given \; = Ay = 1.

We now turn to the question of existence. A Ay-equilibrium exists if ¢; is lower
than some cut-off level ¢*, for 7 # IV, in order to induce all agents of these types to
acquire information. An interior Ay-equilibrium, i.e. one in which Ay € (0, 1), exists
under the additional condition that cy lies in an interval to the right of ¢*, so that
some but not all agents of type N become informed.

Proposition 6.9 (Ay-equilibrium) Consider an economy in £. Then there are
scalars ¢*,c** and c***, satisfying 0 < ¢* < ¢ < ¢ < ¢, such that

i. A Ay-equilibrium exists if N > 3, and ¢; € (0,¢*) fori # N. It is unique if
p = 0.

ii. An interior Ay -equilibrium exists if ¢; € (0,¢*) fori # N, and cy € (¢**, ™).
It is unique regardless of the value of p, with Ay > \*.

18



The condition N > 3 in Proposition 6.9 (part (i)) is needed to ensure that an
equilibrium exists even if Ay happens to be zero (if N = 2, there would be no such
equilibrium due to Lemma 6.3).

Consider the 3-type case shown in Figure 1. If p > 0, there is a unique A3-
equilibrium. For p = 0.2 and a3 = 0.3, this equilibrium is at point a in Figure
la. The possibility of multiple As-equilibria arises if p is negative. We will discuss
multiplicity in Section 8. For now we note that even if p is negative, there is a unique
interior Az-equilibrium. For the case where p = —0.2 and a3 = 0.05, this equilibrium
corresponds to point A in Figure 1b. Point B is not an equilibrium because it is not
stable.

Information spillovers at an interior Ay-equilibrium will feature prominently in
our welfare analysis. At such an equilibrium Ay > A* by Proposition 6.9 (part (ii)).
It then follows from Lemma 6.8 (part (ii)) that there is no within-type complemen-
tarity for type N. In Figure 1b, we see that such a complementarity is excluded by
the stability criterion (which is satisfied at A but not at B). On the other hand,
across-type complementarities for types other than N apply at any Ay-equilibrium
by Lemma 6.8 (part (i)). To summarize:

Corollary 6.10 Consider an economy in €. At an interior \y-equilibrium, we have
OVnN/OAN >0, and OV;/0 Ay <0 fori # N.

We conclude this section by reconsidering Example 4.4. In this example, ex ante
utilities are not given by Lemma 6.1, but the utility ratio U /UY is similar to that
given by (13). We show in Appendix B (see equation (57)) that

uiI __—21ric + 1
uy o2riod (1 - Vi)]fl — (p? )71 7

ve;

where py., := corr(v,e;). As in (13), U] /UY depends on X only through price infor-
mativeness V;, and is decreasing in V;. This leads to a different cutoff ¢;, a slightly
different definition of a symmetric economy (in this case it is one in which r;, agi
and pzei are the same for all ¢), and a different (decreasing and invertible) mapping
a; : (0,¢) — (0,1), analogous to (14). With these modifications, all the results in this
section from Lemma 6.3 onwards apply to Example 4.4 (and so do our multiplicity
results in Section 8; however, the welfare analysis in the next section does not, since
it relies on Lemma 6.1).

7 Welfare

In this section we consider the effect of information acquisition by agents of a given
type on their own welfare as well as on the welfare of agents of other types.'> A

13We carry out a conventional welfare analysis under the assumption that agents’ objective func-
tions are a faithful representation of their welfare. This may not be the case if the heterogeneity in
valuations arises from behavioral considerations.
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key role is played by the information conveyed by prices. The effect of price infor-
mativeness on welfare is not unambiguous, however. On the one hand, higher price
informativeness for agents of type i (a higher V;) leads to better portfolio decisions
for these agents. On the other hand, it is associated with prices being closer to
their valuation v;, so that the gains from trade that they can exploit are smaller.!4
As we shall see, the welfare of type ¢ agents is increasing in agi_p. While V; and
agi_p are not bound by a tight functional relationship, these two variables tend to
be inversely related. If agents have sufficiently precise private information, so that
learning from prices is relatively unimportant for them, they prefer prices to be less
revealing. Conversely, if there is a lot of noise in their signals, they are better off if
prices are more informative.

Imagine a hypothetical planner who can perturb the cost of gathering information
and thereby the information acquisition decisions of agents. In general, a change in
the cost of information for any one type will affect the proportions of informed agents
of every type. We sidestep this difficulty by restricting ourselves to a Ay-equilibrium.
At such an equilibrium, a local change in cy affects Ay, and hence V; for all 7, but
for i # N leaves \; unchanged at 1. Moreover, at an interior Ay-equilibrium, it is

straightforward to characterize the effect of a local change in cy:

Lemma 7.1 Consider an economy in £. At an interior \y-equilibrium, we have

8)\N/8CN < O, OVN/OCN <0 and 8VZ/aCN >0 fOT’i 7& N.

Thus, in a neighborhood of an interior Ax-equilibrium, a higher cost of information
acquisition for type N agents results in fewer of them acquiring information. By
Corollary 6.10, this reduces price informativeness for type N while increasing it for
all other types.

We now investigate the welfare effects that arise. For an economy in &, all
types are either asymmetrically informed (o2 = 0, for all ¢) or differentially informed
(O'?h_ = 0, for all 7). As far as information acquisition is concerned, these two cases are
formally identical, requiring only a change of notation (due to Lemma 6.2). However,
as is apparent from Lemma 6.1, the two cases do require a separate welfare analysis.
We provide results for the more interesting case of differential information. As we
noted earlier, across-type learning externalities do not arise at a Ay-equilibrium in
the asymmetric information case, since agents of type 7,7 # N, already know 6;.
From Lemma 6.1, ex ante utilities in the differential information case are:

o2 o2
Ul = 2 [—g +(1- vi)l} st N, (15)
€ 02 (%
Uy =Uy = (1= Vy) ™ 25 (16)

0

14We can see from the optimal portfolio of type i, given by (2), that these agents tend to go long
when v; > p and short when v; < p ; there are gains from trade for type ¢ only to the extent that
the price does not perfectly reflect their valuation.
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Notice that, for any type j, for given price informativeness V;, utility is increasing

in agj_p; likewise, for given aglj_p, it is increasing in V;.

Proposition 7.2 (Welfare) Consider an economy in €. Suppose N > 3 and
all types are differentially informed. Then, in a neighborhood of an interior \y-
equilibrium:

i. The utility of type N agents is strictly increasing in cy;

. The utility of type i agents, i # N, is strictly increasing in cy if oa/c? is

sufficiently low; and

ii. The utility of type i agents, i # N, is strictly decreasing in cy if 03/0? is

sufficiently high.

The welfare effects of an increase in ¢y are all mediated by the induced reduction
in Ay. A lower \y makes type N agents better off. The effect on the welfare
of other types depends on the signal-to-noise ratio o3/c?. If private signals are
sufficiently noisy (the signal-to-noise ratio is sufficiently low), they are better off. On
the other hand, if private information is sufficiently precise, their welfare is lower.
In particular, in the case of noisy private signals, there is excessive information
acquisition in equilibrium: reducing the proportion of informed agents of the highest
cost type leads to a Pareto improvement.

For type N agents, incentives to gather information are misaligned with their own
objectives: (at the margin) they choose to collect information even though they are
worse off in the ensuing equilibrium. Restricting information acquisition by these
agents reduces the amount that they learn from prices. This adverse information
effect, and the higher cost of acquiring private information, are outweighed by greater
trading gains (as measured by a higher J?,N_p).”’

The learning externality for the other types goes in the opposite direction. Infor-
mation acquisition by type N agents interferes with learning from prices by agents
of types other than N (and this is true regardless of the value of p). This across-
type complementarity is responsible for the somewhat counterintuitive result that
discouraging information acquisition is Pareto improving precisely when prices have
an important role to play in information aggregation.

8 Complementarity and Multiplicity

In this section we show how the presence of a within-type complementarity can
lead to multiple equilibria. We also compare price informativeness across equilibria.
Given two equilibria E' and E’, we say that E informationally dominates E' if price
informativeness is strictly higher at E for every type. Recall that A\* := —p(N —1).

15This is reminiscent of the result in Kurlat and Veldkamp (2015) that investors may be better
off with no information, though in our case E(v; — p) is always zero, so the utility gain cannot be
attributed to investors being able to trade a “high-risk, high-return asset”.
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Proposition 8.1 (Multiple equilibria) Consider an economy in €. Suppose N >
3, p <0, and ¢; € (0,¢*) for i # N. Then there is a ¢y € (0,¢) such that if
cy € (Cy,€), there are two Ay-equilibria: with Ay = 0 and with Ay € (A\*,1]. The
first equilibrium informationally dominates the second one.

The condition that ¢; € (0,¢*),i # N, ensures that a Ay-equilibrium exists. This is
taken from Proposition 6.9, which also tells us that p must be negative for there to be
multiple Ay-equilibria. The lower bound on ¢y is needed to sustain the equilibrium
in which \y = 0.16

When p is negative, Vy is not monotonic in Ay — there is a within-type com-
plementarity for Ay < A* (Lemma 6.8 (part (ii)). In order to understand how this
complementarity drives multiplicity, it is instructive to take a detailed look at the
3-type case, depicted in Figure 1b. Consider first the plot of V3(A3) for p = —0.2.
There is a unique equilibrium for a3 > 0.1: A3 lies in the interval [0.8,1] and is
increasing in ag (or, equivalently, decreasing in ¢3). If a3 = 0.1, we have V3 = a3 at
A3 = 0. However, this does not qualify as an equilibrium by our definition since it
is not stable. The cutoft value ¢; corresponds to ag = 0.1. The case of ag = 0.05
is shown in the figure. There are two equilibria,!” indicated by points A and C' (as
we noted earlier, B is unstable).'® Perversely, type 3 agents learn more from the
price when none of them acquire information (point C'). Agents of types 1 and 2 also
learn more from the price at C' than at A; this is a consequence of the across-type
complementarity identified in Lemma 6.8 (part (i)).

Suppose we are initially at point C', with a3 just below 0.1. Consider an increase
in a3. As az crosses 0.1, there is a discontinuous jump in A3 from 0 to 0.8. A small
decrease in the cost of information sets off a “frenzy” of information gathering for
type 3 agents, with the proportion of informed agents jumping from 0 to 80%. As
soon as ag exceeds 0.1, the cost of information is low enough to justify acquiring
it. But as more agents acquire the information, prices become less informative,
inducing even more agents to acquire information. The same discontinuous jump in
information acquisition arises if «s is just below 0.1, and there is a small increase
in the uncertainty facing uninformed agents, as measured by the o3. This has the
effect of reducing |p|, shifting the curve downwards.'®

Now consider the plot for p = —0.3. Again start with A3 = 0 with a3 < 0.257.
As a3 increases beyond this cutoff value, the equilibrium jumps to A3 = 1. A small
decrease in the cost of gathering information (or a small increase in 03), leads to all

6For sufficiently low values of p it turns out that ¢, < c*, though of course ¢y > ¢; for all 4.

"Equilibrium multiplicity is generated by the non-monotonicity of price informativeness as a
function of the proportion of informed traders. This is in contrast to Ganguli and Yang (2009) where
multidimensional information leads to two equilibrium price functions for any given allocation of
private information. For one price function price informativeness is monotonically increasing in the
proportion of informed traders, while for the other price function it is monotonically decreasing.

18Note that for as < 0.1, A3 = 0 is a stable equilibrium. If A3 increases by a small amount from
0, price informativeness V3, which is continuous in Ag, still remains above as.

19The magnitude of p can also be affected by a public signal about 6, or by market size as in
Rostek and Weretka (2012).
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agents of type 3 acquiring information. In this case, there is also a discontinuous
downward jump in price informativeness for type 3 agents. Of course, at A\3 = 1,
the information revealed by the price is only relevant in the differential information
case (in the asymmetric information case, the agents’ private signals already tell
them what 65 is). With differential information, it is indeed possible that each type
3 agent learns less about his valuation when all type 3 agents acquire information,
even when he combines his private signal with the information contained in the price.

Next, we show that, under a tighter condition on p, equilibrium multiplicity can
be much more pronounced than is suggested by Proposition 8.1. For this result,
we focus on equilibria wherein \; is either 0 or 1 for all i. We say that type i is
uninformed if \; = 0 and informed if \; = 1.

Proposition 8.2 (Multiple equilibria II) Consider an economy in €. Suppose
N >3, and p < —N~Y. Then, for an open set of cost parameters (c;)N.,, and for
all integers m satisfying N/2 < m < N, there exists an equilibrium in which m
types are informed and the remaining (N — m) types are uninformed. At any such
equilibrium, price informativeness for the uninformed types is strictly higher than
price informativeness for the informed types. Furthermore, the equilibrium in which
all types are informed is informationally dominated by any equilibrium in which some
types are uninformed.

The proposition says that, in the presence of a sufficiently strong complementarity,
there is a plethora of equilibria. The equilibrium in which all agents of all types
acquire information is actually the worst in terms of price informativeness: prices
would be more informative for everyone if one or more types switch to not acquiring
any information. The allocation of types to the informed and uninformed groups is
arbitrary. Thus there are equilibria in which the types that acquire information have
a higher cost than the types that do not.

The results of this section require a negative correlation between agent valuations.
We focus on the more tractable case where all pairwise correlations are the same, but
this is not an essential assumption. Negative correlations can arise due to hedging
motives, which can easily be incorporated in our model as in Example 4.4. In many
markets, negative correlations are a natural consequence of hedgers being on opposite
sides in another market. Suppose, for instance, that the asset in Example 4.4 is
a wheat futures contract and types ¢ and j are producers of wheat and of bread
respectively. Then the covariances o,., and o,.; are of opposite sign, while the scale
factors y; and y;, which we can think of as the projected size of the wheat crop and
the demand for bread respectively, comove with the economy as a whole, and hence
are positively correlated. Thus the correlation between the valuations of these two
types, which is given by corr(ove,¥i, 0ve,yj) = —corr(y;, y;), is negative.

The complementarity result in Goldstein et al. (2014) has a similar flavor to ours:
it is driven by a sufficiently strong hedging motive that makes a subset of informed
investors trade in the opposite direction to others who only have a speculative motive.
Their result relies on market segmentation while ours does not. Another plausible
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scenario that can generate negatively correlated valuations, described by Barlevy
and Veronesi (2008), is one where some agents have access to a private technology
the returns on which are higher in good times, when the asset fundamental is also
high. These agents sell the asset in order to free up resources for other projects.

While it should be clear that our results on both welfare and equilibrium multi-
plicity are driven by information spillovers, the nature of these spillovers is different
for these two sets of results. Multiplicity is a consequence of the non-monotonicity
of V; with respect to \;, i.e. within-type complementarities. Across-type complemen-
tarities account for one equilibrium informationally dominating another, but not for
the multiplicity itself. Our welfare result, on the other hand, is entirely governed
by across-type complementarities, in particular the fact that less information acqui-
sition by type N makes prices more informative for all other types. Within-type
complementarities play no role here. Even in the case where Vy is not monotonic
in Ay, it is nevertheless increasing in a neighborhood of an interior Apy-equilibrium.
Our welfare result is a local one, and locally there is no within-type complementarity,
regardless of the sign of p.

9 Concluding Remarks

We study competitive rational expectations equilibria in an economy in which agents
have interdependent private valuations for the risky asset. For any given allocation
of private information, there is a unique linear equilibrium price function that takes a
very simple form. We characterize the endogenous distribution of private information
when agents can choose whether or not to pay for it. We highlight the role of
learning externalities within and across types of agents. When private signals are
noisy and agents rely primarily on the information transmitted by prices, raising the
cost of information collection by the highest cost type, and thereby curtailing their
information gathering activities, can make all types better off. When valuations
across types are negatively correlated, multiple equilibria can arise.

A number of open questions remain. Relaxing our symmetry assumptions, es-
pecially with regard to the correlations p;;, could lead to a deeper understanding of
learning spillovers and their effect on incentives to produce information. Our welfare
analysis is also incomplete, since we restrict ourselves to Ay-equilibria. An interest-
ing extension of our framework would be to allow agents to choose what information
to acquire, as they may well prefer to be informed about the valuation of a type
other than their own.
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A Appendix A: Proofs

Proof of Lemma 3.1 The assumption that Jgi“} > ( ensures that the covariance
matrix of (s;,,p) is nonsingular even if 62 = 0. The conditional expectations of v;,
given {s;,,p} and p, respectively, are:

02, + 0'52_ gg. -t Sin
E(vilsin; p) = [Ogi 0,7 { g oy

1
1) p 3P
B 1 ' [<02 02 — 05, ,)Sin + 00,07 p]
(03 +a§i)a§ — o'gip 0,%p 9, p)Sin e
1 ) 2
e . Op. — 2;,00.0)S; _'_ o2 i|
O-gz +0-621 — /Bio-eip [( 91 /B’L 92p> mn /3@ €Zp
1 ) ,
= ———— - |04.1,5in + DiO-.
0§|p + 0—62, ( Bilp=en /61 Ezp) ’

and

09,
E(vilp) = —2£p = Bip.

The conditional variances are:

o2 +o2 a9, 1 [ o2
Var(ulsup) = 0%~ 08, o] | 0% Ty ]|

O6;p Op 06:p
5 1 o? —00,p ng
ST G —a, [ Gop 03+ 0 } [ Toip }
1

- O—gi — CRETAEr [(02 J]Z Jgijp)ag + Ughpaeﬂ

1
= 0u - o5, + 02 — Bioe, . [(Ugi = Bi08,0) 75, + &Oemai}
G
oo O-gi + 0-621' - 51'0_91‘17
— o2 Ugi\pgzi

i

2 2
O-Gi‘p + 0-57;
and

Var(v;|p) = agilp + o7
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Plugging these conditional moments into (2), we get the desired result. [

Proof of Proposition 3.2 We proceed under the provisional assumption that
Ugilp > 0 for all 7, i.e. the price function does not (fully) reveal 6; for any 7. We will
verify later that this assumption does in fact hold. From (4),

¢ = it — kip, (17)
where )
Ai %0:lp
= — - : , (18)
i (agi‘p +02)o2 + Ugi |p0621_
and ) )
kio— ﬁ ) Thip T (1—Bi)o, 1=\ . 1 -5 (19)
"oy (02, 4 02)o2 402, o2 r; o2, 402"
? 0ilp €/ Oilp~ €i t 0ilp i

Using the market-clearing condition, > . ¢; = 0, we obtain:
(Z ki)ﬁ = Z ;. (20)

Suppose first that > . k; = 0. Then, >, 7,6, = 0. Due to the positive definiteness
of the covariance matrix of @, we must have v, = 0 for all 7. Since agi‘p > 0 by
assumption, it follows from (18) that \; = 0 for all . But this contradicts Assumption
A1, which says that \; > 0 for at least two types. We conclude that ). k; # 0.

We can now solve (20) for the price function p, and we see that it is indeed given
by (5), with & = k)7t From (18), it is immediate that v; = \;(r;02 )" if
032/ (:)07 (type i is as(yzri;me)trically infogmgd) while v; = \;(r;02 )*Y if o2 i 0 Telt)ype i

€ ) t N e i
is differentially informed).

Finally, we verify that a price function of the form (1) does not reveal 6; for any i
(Ugil , >0 for all 7). Suppose not, say p reveals 6;. Then, since the covariance matrix
of 0 is positive definite, so that ; is not perfectly correlated with any linear combi-
nation of the remaining 6;’s, we must have p = a;0;,a; # 0. Since p does not reveal
0; for i # j, equations (17)—(19) still hold for i # j. For type j, Lemma 3.1 does
not apply, but ¢; can be calculated directly from (2). Assuming for the moment that
op. >0, q; = (0; — p)(rjop )" Thus g; is given by (17), with v; = k; = (rjor )"
From (20), we see that ) . k; # 0, for otherwise v; = 0 for all 4, a contradiction.
Hence the price function is given by (5). But since p = a;0;, v; = 0 for all i # j,
which in turn implies that A\; = 0 for all ¢ # j. This contradicts Assumption Al.
For the case where O’%j = 0, we must have p = 0;, and the optimal trade of a type
J agent is indeterminate. However, the aggregate trade of type j is pinned down by
market clearing, i.e. ¢; = — > .. ¢ = >, ;(kip—7ib:) = > (kib; —7:0;). Invoking
Assumption A3, ¢; is measurable with respect to the information of type j agents.
Hence, we must have v; = 0 for all i # j, leading to the same contradiction that we
arrived at above. [J
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Proof of Lemma 5.1 We have

4 2 2

2 Og. (09._ﬁia'9¢p)ge-

Op. — =3 L — =+ :
. 2 2 _ 4.

i %9, +o€i %5, +o‘5i [3109“7

I
Vi = 1
o
0.2 _ 0;
0; ng’ +02,
2
. 6@'091-]30-51-
- 2 2 2 _ A
0-91' (0-91 + O-Ei 620—91?)
2
Vi g Py

(1 =Vy)ag, + 0%’
The result follows. O

Proof of Proposition 5.2 From (8), it is immediate that

(RS A)?
Vi=-—= .
A RA
Differentiating this expression, we obtain

vV, 2RIA[ATRA - (R M)
o\ (ATRA)?
2R/ A(1-V)
 A'RA

x R/ A,

where we have used the fact that V; € [0,1). O

Proof of Lemma 6.1 With the understanding that the cost ¢; is paid by agent in
only if he is informed, his ex ante expected utility is

E[—exp(ric; — miWi)] == —e”ciE[E(exp(—riVVm)\Im)]
= —e”c"E[eXp(—rié’m)}, (21)

where
Ein = E(Win|Tin) — %Var(Wmﬂm)
= [E(vilZin) — p]gin — %qfn\/a,r(vi\fm).
From (2), E(v;|Zi) — p = riqinVar(v;|Z;,). Therefore,

i

gin =
2

¢ Var(vi| Tir,).
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Substituting for ¢;, from Lemma 3.1,

2
1 [Ugilpsi” = oG, +(1- 52‘)031-]1’}

el =L ,
2 (Ugilp + 0621> [(Ugilp + U?¢>0727¢ + Ugi|p062¢}
&V — 1 M 2

2 2
2 %0,|p + i

In order to evaluate (21), we invoke the fact that if x ~ N(0,0?), then E[e’%”Q] =
(1+ 02)~2. Using the definition of U;, given by (11), we obtain

2
(05, +02)a, + [Ugup + (1 - B)o2] o2 — 2[U§i|p + (1= 8;)0] 5.1y 0:p

Ul — e |14
in (O-gz|p+0—521>[(0-31|P+0-621>0-%Z ‘f‘O'gina'gi] )

which, after some algebraic manipulation, gives us the expression for U! in the
statement of the lemma. Also,

1— B;)%0?
v_q U=5)o,
Ui =1+ o 402’
0ilp i
which yields the desired expression for U O

Proof of Lemma 6.2 From Lemma 6.1:

Uy = e~ 2rici . (Ogi\p T O—zi)(o-gilp ™ J’%i)
uy (o gi T 02)o2 + agi e

4
g
_ 6727’1'01' 1 0ilp
- 2 2 2 2 42 '
%, |p(a€i + Um) +ogo,

If type ¢ is asymmetrically informed (o2 = 0), we get

2

1
u’i 21 00i|p
uv = ¢ I+ 5
i Tns

Substituting for O'gi‘p, using (7), gives us the desired expression for the utility ratio.

2

In the differential information case (o;

replaced by o?. O

= 0), we get the same expression with agi

Proof of Lemma 6.5 Let 1:= (1,...,1)" and v; := (-1,0,...,0,1,0,...,0)",
where the 1 is in the j'th place. Then R1 = [1 + p(N — 1)]1, and Rv; = (1 — p)vy,
for 7 = 2,3,..., N. Thus the eigenvalues of R are [1 + p(N — 1)] and (1 — p), the
latter with multiplicity NV — 1. Since R is a symmetric matrix, it is positive definite
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if and only if all its eigenvalues are positive, i.e. if and only if 14+p(N—1) > 0. U

Proof of Proposition 6.6 Specializing (9) to the case where p;; = p for all i # j, we
obtain the following expression for price informativeness for type ¢, for an economy

in &:
VY, = [(1 —p)Ai + ka )‘k} (22)

5
(1= p) 2 A+ o (0 M)

Now consider an equilibrium A. Due to the stability condition, for all ¢ satisfying

Vi = ay, we have 9V, /0, > 0, and hence R/ A > 0 (from (10)). In addition, V, = a

implies that V, > 0, so that R/ X # 0 (from (9)). Thus R/ XA > 0, i.e.

(L=p)Ae+p Y A>0, (23)

for all ¢ satisfying V, = ay. In particular, this is the case if Ay € (0,1). Moreover, if
A¢ =1, the LHS of (23) is equal to 1 + p >~ , A, which is positive since p > pin.
Thus (23) applies as long as A, € (0, 1], and in particular for £ = 4, j in the statement
of the proposition. It follows that A; > A; if and only if V; > V;, and A; = A; if and
only if V; = V;. It remains to show that ¢; < ¢; if and only if V; > V; (since we can
reverse the indices ¢ and j, this in turn implies that ¢; = ¢; if and only if V; = V).

Suppose first that V; > V;. Then \; > A; and hence \; € (0,1). Further-
more, a; > V; > V; = «j, so that ¢; < ¢;. Next suppose that ¢; < ¢;, or equiv-
alently a; > «;. If V; < V;, we have \; < \;, implying that \; € (0,1), and
a; > o > V; >V = a, a contradiction. Therefore V; > V;. O

Proof of Proposition 6.7 Let

D i M
(Zk;éi )‘k)Q

which are well-defined for any 7 since »_; ; Ay > 0 by Lemma 6.3. Using (22), we
can write V; as follows:

. by
)\i = - )
Zk;ﬁi Ak

and 0; =

o [Ni+p D ki ] i
Z (1—p) [)\12 + Zk;ﬁi Aﬂ + P[)‘i + Zkz;ﬁi Akf
o (5\1 + p)?
(1= )2+ 8) + p(N + 1)
(S\i +p)°

— . (24)
(Ai +p) + (1= p)(d + p)

Notice that V; is strictly decreasing in ¢; and, if p > 0, strictly increasing in /A\Ai.
Hence, provided p > 0, a lower bound for V; is obtained from (24) by setting \;
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equal to its lowest possible value, which is 0, and J; equal to its highest possible
value, which is 1 (§; = 1 if and only if there is only one type k,k # i, for which
Ar > 0). This gives us V; > p?; if \; > 0, we have V; > p?.

By Lemmas 6.3 and 6.4, there are at least two types for which \; > 0 and
consequently V; < o;. If p > 0, we must therefore have p? < V; < o for these two
types, implying that p < ,/asy (recall that we have ranked the «y’s in descending
order). Thus there is no equilibrium if p > |/as,.

Now suppose A; = 1 for all i. Then V, =V, where
o 1+p(N—1)
VY = N :

This is an equilibrium provided all agents have a (weak) incentive to acquire infor-
mation, i.e. if V¥ < o for all 7, or V < ay. From this we obtain the upper bound on
p in the proposition. (|

Proof of Lemma 6.8 From (22), imposing the condition that A; = 1 for i # N,
we have:

[(1—p) +p(N = 1+ 2y)]°

V; = ,  # N, 25
TN = 1+ %) oV -1+ 7 (2)
[(1 —p)AN +p(N — 1+ )\N)]2
VN = 5 5 (26)
(1—=p)(N—=14+X%) +p(N =1+ Ay)
We can rewrite Vy as follows:
)\ _ )\* 2
vy = B A 27)

Using (25) and (27), and the fact that p > pmin, we can directly verify both state-
ments of the lemma. O

Proof of Proposition 6.9 For i # N, we fix A; = 1 and look for a condition on the
«;’s such that V;(Ay) < «, irrespective of the value of Ay € [0,1]. From Lemma 6.8
(part (i)), we see that V;(Ay) is maximized at Ay = 0. Hence the following condition
suffices for the existence of a Ay-equilibrium (using (25)):

:1+p(N—2)

a; > a* = V;(0) N1

t# N. (28)
Next, we look for further conditions that ensure that Ay € (0,1). For this we
need to consider the function Vy(Ay) given by (26), and in particular its shape as
described by Lemma 6.8 (part (ii)). By Lemma 6.4, we must have Vy = an. We
consider separately the cases of p < 0 and p > 0.
If p < 0, there are two candidates for an interior equilibrium. These are illustrated
in Figure 1b as points A and B. However, at B the stability condition, 0Vy/0Ay > 0,
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does not hold. This leaves us with the equilibrium corresponding to point A, at which
Ay > A" > 0. To ensure that Ay < 1, we impose the following condition:
1+ p(N—-1)

ay <a” = Vy(1) = —— (29)

Note that the foregoing analysis depends only on Lemma 6.8 (part (ii)), not on the
particular parameters (N = 3, p = —0.2) chosen for Figure 1b.

If p > 0, Vy is increasing in Ay on [0, 1]. Condition (29) guarantees that Ay < 1,
just as in the case where p < 0. In order to ensure that Ay > 0, we require that

sokk | _ p2(N B 1)
ay > o '_VN(O)_l—kp(N—Z)' (30)
It is straightforward to check that a* > o™ regardless of the sign of p, and o™ > a***
it p > 0.

Provided the conditions for existence are satisfied, the uniqueness results follow
from Lemma 6.8 (part (ii)). If p > 0, Vn(Ay) is strictly increasing on [0,1]. Hence
there is a unique Apy-equilibrium whether or not it is in the interior. If p < 0, at an
interior Ay-equilibrium we have Ay > A\*; it must be unique since Vy(Ay) is strictly
increasing on the interval [A\*, 1].

Finally, we write the conditions (28), (29) and (30) on the «;’s in terms of the
corresponding ¢;’s from (14). The scalars ¢* and ¢** correspond to a* and o**, re-
spectively. The scalar ¢*** corresponds to o™ if p > 0; if p < 0, ¢ is just the
assumed upper bound on ¢y, given by ¢. Thus we have 0 < ¢* < ¢ <™ <e¢. [

*

Proof of Lemma 7.1 At an interior \y-equilibrium, writing Ay as a function of
cn, we have the identity Vn(Ay(cn)) = an(cn). Hence

OV _ OVn Oy _ Oday

Ocy Oy  Ocy den
Since OVy /0y > 0 (Corollary 6.10), and dan/Ocy < 0 (from (14)), it follows that

OAn/Ocy < 0, and OVy/Jey < 0. For i # N, 0V;/0cy > 0 since 9V; /0y < 0
(Corollary 6.10). O

Proof of Proposition 7.2 In order to evaluate the utility expressions (15) and
(16), we begin by calculating o7 _, /0. From Proposition 3.2,
k
p=—-A"0.

2
rog

Therefore,



so that

90:p 21 RIA
= — =710k - ,
A 02 ATRA

ag“p =05 — Bicg,p = o5 (1 =Y.

From (19):

N1 1-5
NN

2 2
ro T 0_91|P

27,1 R
1—roZk™ +
)

ATRA

1=V

A +

where ¢ := 0j/02. Summing over ¢, and recalling that k = (3, k;) ™', we obtain

RTA
ran’ L. ]

e

Now we can solve for k:

C+2,(1— Vi)fl%

k=ro?. 31
AN SOV S e (31)
We have
oi_p = o; + UZ — 200,
E\? T o F T
_ 2 2
= (79 + 0_9 (7"0‘?) A RA — 209 </r'o'€2> RZ )\,
so that )
Top _ k2 { kQ . QRIA} .
o rog |ro;
Let i
¢:=—A'RA, and ¢;:=¢-RAX (32)
TO'

Then we can write

2

% =1+ (ATRA)"p(p — 2R/ N)
6
=1+ (ATRA) ! [¢? — (R{A)?]

= 1=V, + (ATRA) g2
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From (15) and (16),

U = e [C+ 1 =V) T [1=Vi+ ATRN)¢?],  i#N, (33)
UT =1+ (1—=Vy) HATRA) 1. (34)
Our calculations so far apply for arbitrary A. Now we restrict ourselves to an
interior Ay-equilibrium. At such an equilibrium, U/ and U, depend on cy only
through Ay, and hence it suffices to sign their derivatives with respect to Ay, and use
the fact that O\x/dcy < 0 (Lemma 7.1). We do not need to consider U} separately
since, at an interior Ay-equilibrium, it is equal to UY, and these two utilities remain
equal as we perturb cy.
Setting \; = 1, for i # N, we get
R/ A=R/A=1+p(N—-2)+p\y, i#N,
RAA = p(N — 1)+ Ay,
ATRA= (N - DR/ A+ MvRAA
= (N =D)L+ p(N —2)] +2(N — 1)pAy + A3

Notice that

RIA—RA=(1-p)(1-\y). (35)

For ¢ # N, we have V; = V. From (9),
1 AR
— -1 —_—_— .
-7 =S5 (36)
where
D := (N —=2)[1+p(N —2)] 4+ 2(N — 2)pAy + (1 + p)A%,

and

1 AR

1—p (N=1[L+p(N-1)]
Note that (1 —V;)~! > 0 for all ¢. In particular, D > 0 and 1+ p(N — 1) > 0 (the
latter is just a restatement of the condition that p > pyi,). From (31) and (32),

CCOTRAH (N 1)1 - V) 'R+ (1 - V) 'REA
N =1 AN (N = D= V) (1= V)
For i # N, ¢; = ¢1. Using (32) and (35),

CIATRA = (N =1+ An)R{A] 4+ (1 = V) H[REA — R A
C(N=14+A)+ (N =11 =V) 1+ (1—Vy)!
(1—p)(1 = Aw)[CAw + (1= Vi) Y]
C(N—=14+A)+ (N =11 =V) "+ (1 —Vy)?
(1—p)(1—An)

_ | (38)

¢+HA=V)~!
L+ (V=1 sisaoT

(1—Vy)t (37)

¢

¢1 =
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and

CIATRA = (N =1+ An)RIA] + (N = 1)(1 = V1) HR{A — R A
N ((N= T+ A+ (N=D@=V) T+ (1—Vy) !
- (N =D =p)(1 = Ay)[¢+ (1 —=W)"]
SN =T+ AN) (N =1)(1=V) L+ (1= Vy) !

(N1 = p)(d - Ay)

COn+(I—Vy)—1
N -1+

From (34) and (37), OUY/OAN o ¢y - Odn/OAn. Clearly ¢y is positive. Since
VN /O Ay > 0 and OV /0Ny < 0 (Lemma 7.1), we see that d¢n /0Ny < 0. Hence,
OUY /OXn < 0. This establishes statement (i) of the proposition.

In order to prove statements (ii) and (iii), we show that lim¢ o OU{ /OAy < O,
and lim¢_,o OU{ /0NN > 0, ignoring the dependence of the equilibrium value of Ay
on (¢ (thus showing that the inequalities hold for arbitrary Ay € (0,1)). From (33),
for i # N,

e U = [C+ (1 =V) ' [1=Vi+ (ATRA)¢f]
=C[1=Vi+ATRA) Q] + 1+ (1=V) '(ATRA) ¢}
=1+ (L7 (1= p) D+ ¢t + (1= p)7 D77,

where L := X"RA. Therefore (primes denote derivatives with respect to Ay):

81/{2[ _9 / / / /
LS = L [(1 = p)(LD = I'D) + (2L, — L')én]

0NN
+ (1= p)D7%¢1 2D — D'¢n]. (39)
Note that L and D do not depend on (. From (38), ¢; < 0 and

(1= p)(1 =)D

2rc;

O = T DN S 1) i+ p(N = 1) (40)
o D2+ (N — 121+ p(N — 1)][D — (1 — Ay) D’
[D + (N —1)2[1+ p(N —1)]
: (@ =p)A = An)Ay
S Py S N )
o A2+ (N —1)(2\y — 1)
Jim ¢y = (1 —p)- O+ N —1)2 (43)
From (39),
. ouf . . Lo
Moy X T Bagay et
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where

X =2D¢, — D'¢,, (44)
Y =(1-p)(LD" — L'D) + (2L¢} — L'¢1) 1. (45)

From (40), (41) and (44),

lim X =2D|D+ (1 — )\N)D’/Z] F2N =11+ p(N—-1)]|D—(1- )\N)D’/Z].

¢—0

We now show that the two terms in large square brackets are positive (and hence
lime0 X > 0). We have

D+ (1—=Ay)D'/2=(N=2)[1+p(N —1+Ax)] + (14 p)\n.

This expression is increasing in p. It is easy to check that it is equal to zero when
evaluated at p = pmim = —(1 — N)~1. Hence it must be positive. Moving on to the
second term, we have

D—(1-AnN)D'/2 = (N=2)[14+p(N =3)]+3(N —=3)pAn+2p AN (1+An) + AN (2AN —1).

This expression is increasing in p (this is the first time in the proof that we use the
condition that N > 3), hence greater than its value at ppyin:

2(N —2) = 3(N = 3)Ay — 2An(1 + Ay)

N -1
_2(N-2) 5
= v U

D—(1-\y)D'/2>

+An(2Ay — 1)

which is positive.

It remains to establish that lim,. Y > 0. This involves some tedious but
straightforward calculations, of which we provide only the salient details. From (42),
(43) and (45), we find that lim;_,. Y o f(p), where

flp) =1+ p(N =1y + N = 1)°Rj A
+ (1 =p)(1 = An)2(N = 1D)(Ay + N = 1R/ A
— (1= p)(1 = ANAVNATRA
We consider f as a function defined on R, with exogenously specified Ay € (0,1).

We show that f” > 0, f'(pmin) > 0, and f(pmin) > 0. It follows that f > 0 over the
relevant interval (pmin, 1). Hence lime,oo Y > 0. O

Proof of Proposition 8.1 Proposition 6.9 assures us that a Ay-equilibrium exists:
we can fix \; = 1, for ¢ # N, and focus solely on the determination of Ay. From
Lemma 6.8 (part (ii)), Vy(Ay) is minimized at \*; \* € (0,1) since p € (pmin,0).
There is an equilibrium with Ay € (A*, 1]; indeed, there is a unique equilibrium in
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this interval (see Figure 1b for the case of N = 3). There is a second equilibrium,
__rIN=1
1+ p(N=-2)

The cutoff value i corresponds to a’;, using (14).2°

At the equilibrium with positive Ay, we have Vy < an < Vy(0), i.e. price infor-
mativeness is strictly lower for type N. From Lemma 6.8 (part (i)), this is the case
for the other types as well. (]

ay < Oz}‘v = VN(O)

Proof of Proposition 8.2 We consider a situation in which m types are informed
and the remaining (N — m) types are uninformed. By symmetry, all informed types
have the same price informativeness, which we denote by V(;). All uninformed types
also have the same price informativeness, V(. From (22):

1+p(m—1 *m
Yoy = L 2m=1) and Vo e

m “Trumon W

This is an equilibrium provided V(o) > a1 > az > ... > any > V), by Lemma 6.4.
Thus we require V) > V(1). Using (46), and noting that 1 + p(m — 1) > 0 due to
the fact that p > pui, we get the following condition

L 1
N_1 STt

Pmin = —

In particular, we require that m be an integer strictly greater than N/2, or m >
(N 4+ 1)/2. The condition p < —N~! ensures that p < —(2m — 1)~! for all such
values of m. The open subset of cost parameters (¢;)Y., for which the proposition
holds corresponds to the possible choices of (o), with a; € (V(1), Voy). The same
choice must apply for all m > (N + 1)/2. Since V) is decreasing in m and V) is
increasing in m, the appropriate interval is the one for m = (N + 1)/2.

Now let us compare an equilibrium with m = N to one in which m < N. Since
V) is strictly decreasing in m, price informativeness for the types who remain in-
formed is higher for m < N than at m = N. For any type ¢ that switches from being
informed to being uninformed, price informativeness must go up, since V; < «; in
the first case and V; > «; in the second. O

K kK

20This value of ¢} is the same as that of ¢
present result, however, we have p < 0.

in Proposition 6.9, for the case where p > 0. In the
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B Appendix B: Example 4.4

Here we provide a complete analysis of Example 4.4. We will need the following
result, which is a special case of Theorem 3.2a.1 in Mathai and Provost (1992):

Lemma B.1 Suppose A is a symmetric n X n matrix, b is an n-vector, ¢ is a
scalar, and x is an n-dimensional normal random variable: x ~ N(p, X), X positive
definite. Then Elexp(x' Ax +b"x + )] is well-defined if and only if I —2AX| > 0,
and 1s given by
_1 1 1

II—2A%| 2 exp 3 (p+3b) (I—-2A%) 'S (u+ =b) — §,f2—1u +cl.
We assume that 1 — 70?0z > 0, which ensures that [T — 2AX[ > 0 in all the cases
where we apply Lemma B.1 below.

Since Wy, is normally distributed conditional on (y;, p), we have

E|—exp(—riWi)|yi, p] = — exp(—1:&i), (47)
where

T

T T
= —5012)%2” — (P + Ti0ve, Yi)Qin — 5021.%2' (48)
If agent in is informed he chooses ¢;, to maximize (47), or equivalently (48). We
obtain: G i —
I —TiOve; Yi —
. LA S 49

If agent in is uninformed, he maximizes

Bl exp(—riWan) ] = B[ B[= exp(=riWau Iy pl|p]
= —E[exp (=ri€in) ]

From (48).
7 5 o, s 7 5
_Tigin = Ela—eiyi + 1 Ove; QinYi + é%qm + TiPGin,
which is of the form Ay? + by; + ¢, where
2 re
A= EZUSH b= T?Uveiqm“m c= éagq; + TiDGin -

Hence we can apply Lemma B.1 to the agent’s objective function, with

2

O, (o
_ __ " Yip 2 _ 2 YiP
p=EBlyilp) =" E=oy, =0, -5
p p
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to obtain

NI

E[— eXp(—TZ»I/Vm)|p} =—(1-24%)"

- exp {(1 — 2142)_1 (A,u2 + by + -I—%ZbQ +(1- 2AZ)C>}

1
(1,22 2 \73 .22 2 \—1
- (1 T Ueiayi|p) exXp [(1 i Ueiayi\p) H} ) (50)
where
2.2 2 2 4 2
rio..o,. 150 e O, T rA
"% %p 2 i Ove; Typ i 2 2 2 2 2 2 i 2 2
Hi= P T Pl 0Oyl + (1= 1000 ) {5%#%%}
P P
2
7 TiOpe, Oy
_Tif 2 2 2 2 2 2 2] 2 | Ti%ve; Oy;p 2.2 2 ,
) i Ove; Tyslp + (1 T O'einHp)U,U} Qin T Ti |: o2 + (1 T Ueiayilp):| Pin
P
2 2 2
rioso
e Yip, 2
+—2 TP (51)
Tp

The agent’s portfolio choice problem boils down to minimizing H. The first-order
condition is

750 pe, O
2[ 2 2 2 2 2 2 2 iOve; Ty;p 2 2 2 _
T [ri e Op T (1—r; oeiay”p)av] Gin + 7 {—0_2 +(1—r; aeiayip)} p=0, (52)
p

which gives us
LifveiTup 4 (] — 202 g2 )
o Ve yilp
o [ 5 p. (53)
T

2,2 52 C 252 52 )2
17050y, + (L — 1020 )UU}

yilp

Using the market-clearing condition Y;[\igl, + (1 —\;)g%] = 0, we see that the price
function takes the form p = k). A\;6;. The constant k is well-defined and nonzero,
from the same argument as in the proof of Proposition 3.2.

We now calculate ex ante expected utilities. Consider first the informed agent.
Using (48) and (49),

En = 5 (020, — 02 4?)
= [ (030% — 020 + 1+ 2]

Hence —7;&;, is of the form x" Ax, where x = (y; p), and

L [ r2(c%02 —02) —ri0u,

_ i i ve;

202 —T'iOve; -1
Using Lemma B.1 (and noting that x has mean zero),
—e"“ Elexp(—r;Wi,)] = —€"“ Elexp(—ri&in)]
I—2A3| :.

TiCi

=—e
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Calculating the determinant, we get

I-2A%| = (o))" [rfageiazi + (1 =10l o, )os+ (1 —rio; aji‘p)ag + 2riaveiay2.p}

Using the definition of U;, given by (11), we have
u[ — 6*27“2'01'

—2ric;
6 1“1
2 9 9 o2 2 2 2 2 2
= [T’i OOy T (1-— 7’ . )‘71; +(1—r; aeiayi‘p)ap + 27’1-01,61,0%4 . (54)

2
9y

I-2A3

Next, consider the uninformed agent. From (51)—(53),

2 2
?" r:
_ Oyip. 2 Ti _ 2] 2
H= 4 p |:Tz Ope; Uy Ip + (1 T yilp )O-’U:| in
20 2
P
Ti0ve; Oy;p 2
2 = WP 1 —r1r4o :|
2
— TZ O_Gzo—yzp 2 |: p ( v
204 2 2 2
p 2|riod, 00 pt (1 —rio? y|p)
1
= ———hp’ (55)
202 7
P
where
2
2 Tzo"uelo'yzp _
h T'Qggiazip p + (- vilp )]
= 2 T3 — 202 02 Vo2
o2 r? {00 Onp (1—1r2 aez . \p)%
2
1 { r2o? iy
yip [,.2 2 2
= 170,00+ (1 —riotol Yool
2.2 2 _ 22 2 2 3 [zvey\p yilp/“v
1300, Oy + (L =102 0], )o o2
2.2 2
réo’ o
i Tve; Pyip 2 2 2 \2 2 2 2 2
+T+(1 Ti0e.0yp) Op + 2700, 0y (1 —rio; o Ip)}
P
2.2 2
B 1 70Ty
=2 2 2 _ 2.2 2 2
305 Opip + (1 —rs ael,ayilp)av
2 2 2 2 2 2
TO' O-yp_ro- inp02+<1 ,',,20_20_2 )0_2_}_2,',,‘0_ o
o2 o2 v i%e yilp/ U p iPvei Y yip | -
P P

Using Lemma B.1 to evaluate the expected value of (50), and substituting the ex-
pression for H given by (55), we get

E [— exp(—riVVm} = E(E[— exp(—1;Win) |p])

= —(1—1}0202 ) 2E (exp [~ (202) 7 (1 — r}o? 02 )" hp?])
=—(1—riolo, |p)*% 14+ (1 =rlol oy, |p)*1h] 2

_1
- [<1 - Ui‘afmp) + h’} ’
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Hence,

in e yilp

1 —r202 o2
i e yilp 2 2 2 2 2 2 2
= rios, ol + (1 —rioios, )o
2 2 2 — 2.2 2 2 |"iYve;Yyilp iYe; Y yilp/ Vv
17050y, + (L =102 00, )od
2.2 9 2 2 2
réo? o réo’ o
1T Ve T Yip 1€ T Yip 2 2 2 2 2
5 0, + (L= 1700,0,1,)0, + 2700, 0y,
o o
P p
2.2 2
_ 1 "% %yip
= 2.2 2 _ 2.2 2 2
05Oy (1 —r3 ael_ayilp)av
2 2 2 2 2 2\ 2 2 2 2 2
T 00,0y + (1—r; ael_ayi)ov +(1—r; aeiayi‘p)ap + 21006, Oyip | - (56)

From (54) and (56), we can calculate the utility ratio:

2.2 2
uiI _ 6727“2'61' 14 " O-veio-yi‘P
U 2 2.2 2
U, i o2(1—r; Jeiayi‘p)
1
72/'«.0,
=e 9|1+
T
1
= 672”67; 1 + 9 o —1 Y (57>
L 012) [Tz 0-91-(1 - VZ)] - (p%ei>_1

where py., := corr(v, €;).
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